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SUMMARY

An enelysis was made for predicting tempersture recovery factors for
fully developed flow in a tube. Most of the attentlion was confined to
turbulent flow. Some gqualitatlve results were obtained for laminar flow
by setting the eddy diffusivlty in the equation for turbulent flow equal
to zero and using the Incompressible parsbolic velocity profile for lam-
inar flow. For zero Mech number the laminar flow results were exact.
Radisl varlatbtion of properties was neglected in most of the caleulations.
The effect of wall temperature gradient along the tube was negligible for
turbulent flow below Mach numbers of 0.9 and 0.98 for Reynolds numbers of
20,000 and 320,000, respectively. For laminar flow the effect became im-
portant at much lower Mach numbers.

Recovery factors were obtained experimentally for a range of Reyn-
olds number from 630 to 30,000. Additional previously unpublished data
are presented for Reynolds numbers up to 650,000. The results indicate
that in the turbulent flow region the recovery factor is spproximately
independent of Reynolds number. In the transition region for Reynolds
numbers between 2000 and 3000 the recovery factor is reduced sbruptly to
a velue lower than that cbtained for the turbulent flow region.

Comparison of the predicted recovery factor wlth experimental data
indicated that the effective value of ratio of eddy diffusivities for
hest transfer to momentum transfer varies from 1 at & Reynolds number
of 5000 to 1.09 st a Reynolds number of 400,000. The ratio of eddy
diffusivities was also obtained from measurements of heat-transfer coef-
ficients and an anslysis. Comparison of predicted with measured heat-
transfer coefficients indicates effective eddy diffusivity ratios slightly
less than those calculated from recovery factors.

The analysis substantiated the experimental result thet correlations
for heat transfer without frictional heating can be applied to the case
with frictional heating by basing the heat-transfer coefficient on the
difference between the wall temperature and the adisgbatic wall temperature
rather than on the difference between the wall and the fluid bulk
temperature.
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INTRODUCTION

Most of the work on temperature recovery factors has been confined
to supersonic flow over external surfaces (ref. 1). Frictional heating
at high supersonic Mach numbers, together with material limitations, nec-
essitates accurate calculatlons of surface temperatures in this region.

A knowledge of recovery factors is also necessary for calculating
convective heat transfer for flow In tubes at high subsonic Mach numbers
and small temperature differences. This case was studied experimentally
and reported in reference 2. The work was extended to supersonic flow
in the study of reference 3. It is shown in reference 2 and by the anal-
ysis herein that, for turbulent flow, low-velocity heat-transfer correla-
tions can be used for higher velocities if the heat-transfer coefficilent
is based on the difference between the wall end the adiabatic wall tem-
peratures rather than on the difference between the wall and the fluid
bulk temperatures. Calculation of the adisbgbic wall temperature, or the
temperature the wall would assume with no heat transfer, depends on a
knowledge of the recovery factor. o : '

The present experimentsel work covers a range of Reynolds numbers
from 640 to 30,000. The values reported in reference 2 were obtalned
for a Reynolds number of approximately 30,000. Previously unpublished
values obtained in connection with the work in reference 4 were measured
for Reynolds numbers from 250,000 to 650,000 and are reported herein.

Very little analytical work has been done on fully developed recov-
ery factors, although some analysis appears in reference 5. (Fully de-
veloped is herein taken to measn that the recovery faector is independent
of distance from the tube inlet and that the velocity and total-
tempereture profiles are similar at various distances from the tube in-
let.) In the present report, most of the attention is confined to fully
developed subsonic turbulent flow. Some qualitative results are given
for laminar flow by dropping the eddy diffusivity from the equations for
turbulent flow.

In the turbulent case the recovery factor is guite sensitive to the
retio of eddy diffusivities for heat transfer to momentum treansfer. The
mean effective eddy diffusivity ratic at a cross section of the tube can
be estimeted by comparing the present anelysis with the measured values
of recovery factors reported herein.

SYMBOLS
C constant of integretion —

c specific heat of fluild at constant pressure

.. IBEW. .
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d

g:,o

H g

inside tube diemeter

heat-transfer coefflcient for no frictional heating, qof(to - tb)
heat-transfer coefficient with frictional hesting, qo/ (to - tO,a)
thermal conductivity of fluid

constant, 0.124

static pressure

rate of heat transfer per unit area toward tube center

rate of heat transfer per unit area from inside wall toward
center

gas constant

redius

inside tube radius
2

totel temperature, t + ;‘—c—, deg &bs
b

bulk or average total temperature of fluid at cross section of
tube, deg abs

bulk or aversge total temperature of fluid at cross section of
tube with no heat transfer, deg abs

wall tempersbure, deg abs

adigbatic wall temperature, deg &bs

static temperature, deg &bs

static temperature with no heat transfer, deg abs

bulk or average static temperature of fluid at cross section of
tube, deg abs

bulk or average shatic temperature of fluid st cross section of
tube with no heat transfer, deg abs

velocity perellel to axis of tube

bulk or average velocity at cross section of tube



u, velocity in radial direction

v velocity in negative radial direction
x distance along tube

¥ distence from tube wall

T ratio of specific heats, teken as 1.40 for air
€ eddy diffusivity for momentum

€, eddy diffusivity for heat

x Kérmén constent, 0.36

H viscosity

v kinematic viscosity, u/p

[} density

Py bulk or aversge density

T shear stress in fluid

0 shear stress st wall

Dimensionless Parameters:

a eddy diffusivity ratio, e,/e
D(dp/dx)p, 27,
hig friction factor, - 5 =—3
2Py, P
Y

M Mach number, ———

/1%,
Nu Nusselt mmber for no frictional heating, hD/k
Nuo’a Nusselt number with frictional heating, ho,ap/k
Pr Prandtl number, cpp/k

Re Reynolds number, pubD/ H

NACA TN 4376
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+ -\/ 'T.‘a;pro
v

tube radius perameter,

. Z(TO - T) P
total-temperature paremeter for adisbatic case,

e

total bulk temperature parsmeter for adisbsatic case,
2(T, - Tb)cpp
T

0
(tn - Bynle,T,
t-tl; bulk tempersture parsmeter, 0~ ™ °p"0
%0V70/P
(tn - B~ SdC.T
t; a adisbatic well temperature parameter, 0 0,2” p 0
L) % TT )
ut velocity parameter, u/ -/ 1'67p
u; bulk velocity parameter, u,b/ 1/ TS?p
uI value of u' sat yI
y+ wall distance parameter, (~/To/p ¥)/v
y'll' value of y"' at intersection of curves for flow close to wall
end flow at distance from wall
T - To
) recovery factor, 1 - -
U,/ 20
P
Subscript:
fr on friction-pressure gradient

ARAT.YSTS

In order to calculate the recovery factors for flow through a tube,
the temperature distribution in the tube will first be obtaeined from the
energy equation. The energy equation for fully developed turbulent flow
in a tube is derived 1n asppendix A and can be written as

(rO - Y)cppugll;: = % [(ro -¥) (k %; - pcp Yo+ [J.u% - pu E'_v'.)] (]_)
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where T 1is the total temperature and t the static temperature. The
bars denote time averages, and the primes indicete fluctuating compo-
nents. Equation (1) is the same as equation (A7) in appendix A if the
bars over the time-averaged velocities, temperstures, and properties are
dropped.

By introducing the eddy diffusivities for momentum and heet trans-
fer, defined by '

Ws-eé—u
oy
vt = - g%
and setting
'r=(u+pt=-)%—;,1 (2)

equaetion (1) becomes
(ro - y)cppu % = % g(ro -y) [(k + pcpa,e) %—;’- + u{\} (3)

where &~ is the ratio of eddy diffusivities for hest transfer to momen-
tum transfer.

The present section concerns the case where the wall is insulated,

and hence
(%f-,)y:o =0 | (4)

If equsation (3) is multiplied through by dy and integrated between

the wall and the center of the tube, there results

ey BBE {/‘ro puT(z, - y)dy} _ fro d{(rO - y)[(k + pcpa,e) % + u’t]} (5)
0

(0]

where pu was regarded as independent of x from continuity. The
right side of the eguation is zero because the expression in brackets
is zero &t the Insulated wall and at the center of the passage. The
bulk temperature is defined .

TRCH
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To
J/” DUT(TO - y)ay
Ty, = 0 (8)

To
L7 outey - e

for constant specific heat. The numerator and denominator in equation
(8) are independent of x by equation (5) and continuity. Therefore

= =0 (7

This result is used in the next paragraph. Equation (7) cen, of course,
be obtained by other methods, but it is of interest that it follows from
equation (3). Although &%, /dx = O by equation (7), dT/dx # 0 at some
radii, so that the left side of equation (1) will be retained and an es-
timate made of its importance.

It is assumed herein that the total-temperature profile is fully
developed, or

Ty - T
Ty - T, = /() (8)

Differentiation of equation (8) with respect to x gives

ap AT Ty - T
E=E°<l-ﬁo—.@;) (®)

where equation (7) was used.

Dimensionless Form of Energy Equation

In the remsinder of the analysis the effect of radial wvariation of
properties is neglected. It is shown in reference 6 that the effect of
radisl variation of properties on the turbulent velocity profile is neg-
ligible for adisgbatic flow at subsonic Mach numbers. It is reasonsable
to assume that the same result holds for turbulent temperature profiles
and recovery factors.

If equation (9) is substituted into equation (3) and dimensionless
quantities are introduced, the following equation results
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3%
' d + 4
(rF - O™ 1 - =)= {(z5 - ¥ -
o} ! 0
%) ¥
1 €
il BTV L o
2\Pr v dy"‘ l+s TO TO
v
(10)
where du/dy was eliminated by equation (2) and . _2
l_
a'roc“L
Az X P : (1)
101/157p
In obtaining equation (10}, the static temperature was eliminated
by using the relation -
2
T=t+-1—21—- (12) -
c

o] .
An estimate of A is maede in eppendix B by using one-dimensionel -

flow theory. One-dimensional flow is a reascnable assumption for tur-
bulent flow because the veloclty end temperature profiles for that case
tend to be uniform over most of the cross section. The resulting expres-
gsion for A is

+1 Mz
+ 42 2
ol 1-M
For the quantity T/To in equation (10), the incompressible
relation . .

T y
—_—= 1 - = (14)
"o o

will -be used. It is shown in reference 6 that the velocity profile in _
turbulent flow 1s insensitive to the way 1in which the shear stress varles
with radius. It would be expected thet the same result would hold for
recovery factors.

The use of equation (14) for compressible turbulent flow can also
be justified by comsideration of the momentum equation (eg. (Al)). Equa-
tion (Al) can be used directly for fully developed turbulent flow by re-
placing p by K + pe and letting w, = 0. For turbulent flow, where .

the velocity profile tends to be flat, u du/dx =~ Uy Bub/ax. If the
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pressure gradient is separated into the momentum pressure gradient
-puy Bu,o /ox and the friction pressure gradient -Z'ro/ro, and equation

(2) is introduced inmto equation (A1), equation (14) results on
integration.

Substituting equations (13) and (14) into (10) and integrating
twilce gives

- L,af . 7
:—3(1- -y+)zé_h'1+5v rj::gzlmuaf 5, - T - ey
T+' = v o dy+ (15)
/ 365 - g et)
where
3
[ et - e
+ 0
0
f ut(rg - yay*
0
and
To
+ 2
W, = =% f u (=f - yHayt (17)
I‘o 0

Expressions for Eddy Diffusivity
The eddy diffusivity € in equation (15) is obtained from the fol-

lowing expressions,which are erimentally verified in references 4 and
7: For flow close to the wall (y+ < 26)

€ = nzuy (l - e-nzuy/ V) (18)

For flow in the region away from the wall (y"' > 26) the Kédrmén relation
_ xE(aw/ay)® (19)
(a2u/ay?)?

is used, wvhere n and x are experimental constants having the values
0.124 and 0.36, respectively.
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By integration of eguation (2) for the region away from the wall
with viscous shear stress neglected, and using equations (14) and (19),
von Kérmén obtained the following dimensionless equation (ref. 8):

+ +

u+=l[ 1-L 4+ log (- 1-L)]+c (20)
x ot e it
0 0

Equation (19) becomes, on substitution of the first and second deriva-
tives from equation (20),

' +
€ ori 1 - ¥r - A
= ro fL - 1 = (21)

for flow in the region awsay from the weall.

For flow close to the wall, equation (18) can be written in dimen-
sionless form as

£ n2u+y+¢l - e-DZU%y+) (22)

v

where the values of u' are obtained from the generalized velocity dis-
tribution in figure 1.

Values of T+, as a function of y* for various velues of rs
and Mach number can now be calculated from equation (15).
Temperature Recovery Factors

The definition of recovery factor usually used in experimental work
(ref. 2), and which is used here, cen be written

_ T = To
Cp=l-—2—— (23)
Ub/ch
An glternste definition which is sometimes used is
ta -
0~
Q=

—— (24)
u%/ch -

T6eLY
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However, equations (23) and (24) are strictly equivelent only for & uni-
form velocity distribution, inasmuch as :

Ty = by + 5— (25)

where a 1s a factor accounting for the nonuniformity of the velocity
profile, having a value of 1 for a uniform profile. Inesmuch as total,
rather then static, bulk temperatures are measured in the present experi-
ments, the use of equation (23) is to be preferred. _

Equation (23) can be written in terms of readlly calculated quanti-
tles as
T
Th

cp=1+ﬁ (286)

Uy
where T:; ' and u'g ; for a given r'c')' snd M, ere obtained from equations
(15), (16), and (17) and the u* egainst y* plot in figure 1, obtained
from reference 7. If it is desired to obtain ¢ as a function of the

usual Reynolds number rather than of rzli, the Reynolds number cen be cal-
culated from

Re = 2uir] (27)

External Heat Transgfer

For celculating the external heat transfer for flow through a tube
at high velocities, the energy equation (3) cen be written as

(rg - ¥legeu % = - % (rg - y)q] (28)

where

a= -(k + pc.Ze) -g'y—t - ut (29)

Y

For the case of no external heat transfer from the wall, it is shown in
the section Effect of Wall Tempersture Gradient on Recovery Factor that
the left side of equation (3) can be neglected except at very high sub-
sonic Mach numbers. Equation (28) then shows that q=0 at all redii.
For no externsl heat transfer equation (29) therefore becomes

at

0= -(k+ pcpa,e) Ey_a - ut (30)
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where wut 1is assumed to be unaffected by heat transfer (small heat
transfer). Subtracting equation (30) from equation (29) glves

a(t - )
q = -(x + pcpa.e) —T (31)
Integrating equation (31) from the wall to y gives
¥
ta-t+to-to,a=/ Tk+potpa'€) dy (32)
0

Multiplying equation (32) by (ro - y)u dy, integrating from the wall to

To
the tube center, and dividing by f u(ry - y)dy glve
0

Ty ¥
q
/ UL(rO -~ ) / (k + pcpa.e) dy | &
0 0]

tp,a - tp + Yo - to,a= Bl (33)

T
f 0 U-(I'o - ylay
0

Setting ‘bb = tb,a.’ or Tb = Tb,a,’ since the heat transfer is assumed to

be small and thus the effect of heat transfer on the velocity profile can
be neglected, resulis in

/ro /y ' g
- dy | &y
A u(rg - ) 5 (¥ + pepae)

T = to,a = %o — (34)
_{ u(rg - y)dy

The guantlity tb was set equal %o tb a because the wall temperature is
2
compared to the adiabatic wall itemperature for the same bulk temperature.

In dimensionless form equation (34) becomes

. LB%¥
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+ +
o ¥ o/ +
dy
[ e [P
— 4+ 2

0]
_t.é,a - — 0 Pr v (55)

J/ﬁ O wt(xf - yhay*
0

The exact varistion of q/ dg 1in equation (35) is not important for

turbulent flow (ref. 4), except possibly at very low Reynolds numbers.
For OT/3x independent of ¥y, equation (28) can be integrated first,
from the wall to a point in the fluid, and then from the wall to the cen-
ter of the tube. Eliminating OT/3x between the two equstions and con-
verting the result to dimensionless form give

}"+
+ + f wH(ry - yH)ay*
Eq.b- _ I‘O _ 1‘0 0 0 (36)

rt ooyt gt ooyt v
0 - To ‘}(' 0
L wr(ed - vyt

Equation (36) is the same as the equetion for no frictionsal heating ob-
tained in reference 8. Note that q as used. herein contains a contribu-~
tion from dissipation (eq. (29)).

+

The Nusselt number is given by

(37)

Ny,a = =3
a

Equation (37) follows from the definitions of the various quantities
involved.

If in equation (29) the term wut had been neglected., that is, if
frictional heating had been neglected 1n the snslysls, t O 8 in equeation

(35) would have been replaced by t'g , and the equation for Nusselt number
would become

2r$Pr
&

Thus, the result for no frictional heating is identical to that for fric-
tional heating if the bulk temperature in the definition of the heat-
transfer coefficient is replaced by the adiabatic wall temperature. This
is the result which was found experimentally in reference 2. '

Nu = (38)
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APPARATUS AND PROCEDURE

The present spparatus was designed to determine the effect on re-
covery factor of Reynolds numbers less than 30,000. Air at subatmos- -
bheric pressure was passed through a thin-walled tube test section.

Arrangement of Apparatus

The general arrangement of the apparatus is shown in figure 2. Air
at room temperature and pressure first enters a temperature stabilizing
box with & volume of 2 cubic feet packed with steel wool. Then it flows
in turn through a throttling valve, & rotameter, an inlet mixing tank in
which the total temperature and pressure of the ailr are measured, the
test sectlon, an outlet mixing tank in which the outlet total tempersture
is measured, a2 second throttling velve, an exhaust tank, and the lsbhora-
tory altitude exhaust system. The density and velocity in the test sec-
tion were controlled by the throttling valves. _

- TREY

The mixing tanks were thermally insulated by & layer of glass wool L w
enclosed in aluminum foll. The test section was thermally insulated by
a layer of glass wool enclosed in & thin steel cylinder 3 inches in
dlemeter. The entlire apparatus was enclosed in & tent to minimize the )
effects of fluctuating room air temperature and currents produced by the
room air conditioner.

Test Section

A dlagram of the test section is shown in figure 2. The test sec-
tion was the middle portion of an Inconel tube 51 inches long with an B}
inside dismeter of 0.222 inch and a wall thickness of 0.014 inch. The
distance between the first and last pressure tap was 44.4 Inches and com-
prised the test section proper; thus the approach and exlt sections were
short (3.3 in.). The test-section tubing was fastened to the mixing
tanks by means of l-inch cubical Lucite blocks which minimized the con-
duction of heat at each end of the test section.

Static pressure was measured at the entrance and exit of the test
sectlon by means of pressure teps located in Lucite blocks.

The thermocouples comnsisted of 32-gage iron-constantan wire, first
butt-welded to form the junction and then spot-welded to the test section.
Location of the thermocouples is shown in figure 2. The wall temperature
thermocouples were connected differentially with the inlet total-air tem-
perature thermocouples, and the differential temperature was measured by
means of a self-balancing potentiometer modified to glve full-scale de- a
flection at 1 milliivolt. :
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Procedure

Before each run the reading on the potentiometer for nc flow through
the test section was checked to obtaln the zero reading. Then the air-
flow rate and pressure level in the test sectlon were set at the desired
values. For high flow rates temperature equilibrium was usually reached
in a8 few minutes, and al1 readings were recorded. For low flow rates
temperature equilibrium was difficult to discern, and readings were re-
corded shortly after the difference between the inlet total temperature
and the wall temperature had reached a maximum value. Readings were
thereafter recorded whenever the temperature difference reached a mex-
imm or minimum value for a 2- to 3-hour period.

Measured velues of static pressure at the inlet of the test section,
static-pressure drop along the test section, alrflow rate, inlet total
temperature of the air measured in the inlet mixing tenk, and temperature
difference between the 1nlet total temperature and the adisbatic wall
temperature at the exit of the test section are given in table I.

RESULTS AND DISCUSSION
Experimentel Results

Values of temperature recovery factor as defined by equation (23),
average friction factor, and Reynolds number obtained in the present in-
vestigation are given in table I. The recovery factor is based on the
measured temperature difference between the total alr temperature in the
inlet tank and the wall tempersture at the exit of the test section. For
airflow rates corresponding to Reynolds numbers above 3000, the measured
temperature difference was affected slightly by fluctuations in the room
alr temperature of 1° or 2° F. The total air temperature thermocouple
responded faster to changes in the air temperature than the wsall temper-
ature of the test section; hence, an increase in room air temperature re-
sulted in a meximum difference between the totel air tempersture and the
wall temperature, whereas a decrease in the room air temperature resulted
in a minimm temperature difference. The room asir tempersture variations
were caused by the cyclic operstion of the room air-conditioning unit
and were usually repetitive at half-hour intervaels. The time required
to reach equilibrium was only a few minutes at the higher flow rates, and
hence the minimum end maximum vealues of temperature difference deviated
only slightly from the time-averaged velue, and the recovery factor can
be indicated by the numericsel sverage of the minimum and maximm values
(e.g., the last six rums).

A strictly adiebsastic flow condition was difficult to obtain in the
experimental work, since a temperature difference existed between the sur-
rounding air in the room and the wall of the test section. Therefore,
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calculations were mede to determine the effect on recovery factor of
heat transferred to the air in the test section from the surroundings,
even though there was no indication by measurements that the totel air
temperature increased between the inlet and exit of the test section.
The calculations indicated that this effect on recovery factor was
negligible. B ‘

The estimated maximum possible error in calculabting the recovery
factor is as follows:

Reynolds number | Error,
percent

Above 16,000 +2

4,000 to 16,000 +6

Below a Reynolds number of 4,000 the meximum possible error ranges from
48 to x26 percent, and 70 percent of these date have an error of less
than £20 percent. Approximstely two-thirds of the total error can be
attributed to the combined errors of measuring Tb - Ty end converting

millivolts to degrees Fehrenhelt.

Values of the recovery factors given in taeble I are plotted against
Reynolds number in figure 3. Included are values of recovery fector ob-
tained in reference 2 and some previously unpublished date obtained at
the NACA Lewis laboratory in conjunction with the heat-transfer investl-
gatlion presented in reference 4.

In the turbulent flow region CReynoldg_numbers above 3000) the tem-
perature recovery factor is nearly independent of Reynolds number. The
average vaelue 1s 0.88, which agrees with values for flow parallel to
flat plates. -

For Reynolds numbers below 3000 1n the transition region the re-
covery factor is abruptly reduced to values less than 0.8. The minimum
and. meximum values of recovery factor showed the greatest deviation for
a Reynolds number of 2900. During this run the static-pressure drop
along the test section increased slightly, the flow rate was maintained
constant, and there was an attendant increase in the meximum and minimum
values of the recovery factor, which indicated the possibility that the
flow conditions changed from e laminar to a turbulent velocity proflle
near the exit of the test section.

In the laminar flow regilon the recovery factors increased with de-
creasing Reynolds mumbers. Several check runs were made in this region,
and the results were not as reproducible as those obtained in the tur-
bulent flow reglon. __

T6cv
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In Tigure 4 the average frietion coefficients based on the static-
pressure drop along the test section are plotted against Reynolds num-
ber. The results indicate that the transition from laminsr to turbulent
flow occurred principally at Reynolds numbers between 2000 and 3000,
although scome deviation from the predicted curve for fully turbulent flow
occurred at Reynolds numbers up to 6000.

Analytical Results

The equations required for calculating recovery factors and heat-
transfer coefficilents were cobtained in the ANALYSIS section.

Effect of wall tempersture gradient on recovery factor. - The pres-
ence of Mach number in equstion (15) is due to the fact that the wall
temperature gradient is not zero. The wall temperature gradient was
written in terms of Mach number (see egs. (10), (11), and (13)) by using
one-dimensional flow theory, inasmuch as Mach number is a more familisr
quentity snd more resdily interpreted. Equations (11} and (13) or equa-
tion (BS) indicates that the wall temperature gradient becomes indefi-
nitely large as the Mach number approaches 1.

Turbulent recovery Ffactor as a functlon of Mach number for seversl
Reynolds numbers, a Prandtl number of 0.73, and a ratio of eddy diffu-~
sivities for heat transfer to momentum transfer of 1 are plotted in fig-
ure 5. These curves were calculated from equations (15), (18), (17),
(21), (22), (26), and (27) and the u't against y* plot in figure 1.
Except for the case M = 0, equation (15) must be solved by iteration for
a given velue of Tg', inasmuch as T+' occurs on both sides of the

equation. The correct value of Tg' was obtained by ?rial and error.
That 18, it was necessary to try several values of Tg on the right

side of equation (15) in order to find a value which would agree with
that given by equation (16). The curves indicate that the effect of
wall temperature gradient ig negligible at Mach numbers below 0.9 for
Re = 20,000 end below 0.98 for Re = 390,000. The curve for the higher
Reynolds mumber is cut off at the polnt shown because computational dif-
Piculties were encountered at higher Mach numbers.

Plotted for comperison are laminar recovery factors obtained by let-
ting the eddy diffusivity in the equation for turbulent recovery factor
equal zero and using the lncompressible parsbolic velocity profile for
laminar flow. These results for laminer flow sare probsbly only qualita-
tive inasmuch as the one-dimensional approximations made in the analysis
are not accurate for laminsr flow. It is of interest that the effect of
wall temperabture gradient becomes important at much lower Mach numbers
than for turbulent flow. For M = 0 equation (15) can be integrated,
and the expression for recovery factor becomes

p=2Pr-1 “ (39)
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Equation (39) is exact because the one~dimensional approximations are
not.involved when M = O. *

Reference 5 states that ¢ = 2Pr rather than 2Pr - 1. The 4if-
ference is gpparently due to the fact that the recovery factor is defined
in terms of static temperatures (eq. (24)) rether than in terms of total
temperatures (eq. (23)) in reference 5. As mentioned previocusly, the two

definiticne would be equivalent only for o = 1 (uniform velocity profile).

It should be mentioned that the results for the range of Mach nim-
bers where the recovery factors deviate appreciebly from their incompres-
sible values may be open to question even for the turbulent case, because
the recovery factor was assumed to be independent of distance along the
tube. At high Mach numbers the Mach number varies along the tube, so
that if the recovery factor also varies appreclably with Mach number, it
will vary aleong the tube. The analysis may therefore be chiefly useful
for Indicating the range of Mach numbers for which the effect of wall
temperature gradient is negligible. Fortunately, the results indicate a
considersble range of subsonic Mach numbers over which this is true. In
the remainder of the calculations the effect of wall tempersture gradient
or of Mach number on the recovery factor is neglected.

Ratio of eddy diffusivities for heat transfer t0 momentum transfer
from recovery factors. - The ratio of eddy diffusivities for heat trans-
fer to momentum transfer G- occurs in equetion (15). The ANALYSIS, to~-
gether with experimentel data on recovery factors, msy therefore provide
a method for estimeting the ratio of the eddy diffusivities.

In figure 6 the predicted recovery factors are plotted sgainst Reyn-
olds number for verious velues of & The curves indicate that & has
a conslidersble effect on the recovery factor, the latter decreasing as
o increases. This can be explained by the fact that an increase in 4,
or in the eddy diffusivity for heat transfer, tends to meke the static
temperature more uniform and thus the total tempersture less uniform,
since the two temperatures vary in opposite directions (the static tem-
perature decreases with distance from the wall, whereas the total tem-
perature increases for recovery factors less than 1).

In figure 7 the predicted recovery factor curve for an e« of 1.07
1s compared with the measured values of recovery factors shown In figure
3. The predicted curve is in reasonsble agreement with the data but in-
dicates & greater variation with Reymolds number than the messured values
of recovery factor. -

Comparison of the curves for various values of ¢~ in figure 6 with
the measured values indicates thet the best agreement would be obtalned
by using a value of & that varies from sbout 1 &t a Reynolds number
of 5000 to 1.09 at & Reynolds number of 400,000. This is the trend

T6LP
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that is predicted in reference 8 from a comnsideration of the effect of
conduction to an eddy as it moves itransversely. It is predicted there
that e increases with Peclet number (Pe = RePr).

It should be mentioned that the values of @ obtained from recovery
factors sre mean effective values. The local values of <« may vary with
radius. More is said about this in the next section.

Eddy diffusivity ratio from heat-transfer measurements. - The ratio
of eddy diffusivities can also be obtained from measurements of hesgt-
transfer coefficients and from the ANALYSIS, since equation (35) con-
tains 4&. Nusselt number as a function of Reynolds number can be calcu-
lated from equations (35), (36), and (37), or (38)r (17), and (25), and
figures 1 and 8. The varia‘bion of 4y with ¥ and r shown in fig-

ure 8 was obtained in reference 4. For obtaining Nusselt number as a
function of Reynolds number, the parameter rs is assigned arbitrary
values.

Calculated Nusselt numbers for values of @ of 1 and 1.07 are
plotted in figure 9. Included for comparison are experimentsal data from
reference 4. The data are in slightly better sgreement with the curve
for an & of 1, although the difference between the two curves may be
within the experimental error of the data. The curves and the dsta in-
dicate that, &s 1n the case of recovery factors, the values of @ at
the low Reynolds numbers are lower than at the high Reynolds numbers.

The slightly lower effective values of & for heat transfer then
for recovery factors might be explained by assuming that - incresses
with distance from the wsll. In the case of heat transfer the temper-
ature gradient at the wall is very large compared with gradients at
other positions, and hence the.effective value of &  should be close
to the value at the wall.

In the case of recovery factors, since the temperature gradient is
zero at the wall, the effective value of &/ should correspond to the
local value at some point away from the wall; that is, the effective
value may be higher. The assumption that &~ increases with distance
from the wall is supported by experiments reported in reference 8.

SUMMARY OF RESULTS

Measured values of temperature recovery factors for sir flowing in
a tube indlcated that:

1. In the turbulent flow region for Reynolds numbers greater than
3000, the recovery factor is approximately independent of Reynolds number
and has an aversge value of 0.88.
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2. In the transition region for Reynolds numbers between 2000 and
3000 the recovery factor is reduced abruptly to a value lower than that
obtained for the turbulent flow region.

The following results were obtained from the analysis of recovery
factors for fully developed flow in a tube:

1. Wall temperature gradient along the tube has a negligible effect
on the turbulent recovery factor for Mach numbers less than about 0.9.
The effect of wall temperature gradient on laminar recovery factors be-
comes important at much lower Mach numbers.

2. Comparison of the predicted recovery factors with experimental
data indicated that the effective value of ratio of eddy diffusivities
for heat transfer to momentum transfer vearies from gbout 1 at a Reyn-
0lds number of 5000 to about 1.09 at a Reynolds number of 400,000.

The effective values of eddy diffusivity ratio appeared to be slightly
less for hesat-transfer coefficients.

3. The analysis substantiated the experimental result that correla-
tions for heat transfer without frictional heating can be appliled to
frictional heating by basing the heat-transfer coefflcient on the differ-
ence between the well temperature and the adisbatic wall temperature
(for the same bulk temperature), rather then on the difference between
the wall and the fluid bulk temperatures.

Lewis Flight Propulsion Leboratory
National Advisory Commititee for Aeronautics
Cleveland, Chio, July 22, 1958

P Tw



4591

NACA TN 4376 21

APPENDIX A

DERIVATTION OF TURBULENT ENERGY EQUATION

The method of derivation given here is essentially the same as that
used in reference 10 for flow over a flat plate. The equations of mo--
mentum, continuity, and energy used herein for symmetrical flow in a tube
can be written, respectively, as

ou du 139 du
pusz“pursr;a;(“rsf)'%ﬁ (a2)
1 O(rpu.) '
o Pu) 1 __?E;ﬁi_ (a2)
2

Time derivatives are neglected in these equations, as flow is assumed
statistically steady. Multiplying eqguation (Al) through by u and add-
ing the result to equation (A3) give

2 2
pu%(cpt+ )+purs;<ct+2) i%(rk%+ruu%;u) (ae)

where is considered constant. If the instantaneous quantities in
equation (A4) are replaced by the sum of their time average and fluctuat-
ing components, and the equation of continuity is used, the following is
obtained:

g (oo %) 6a o & (57 5)- 12 LR E-

wa S - Ge, WE - pa —u‘u{.)] (a5)

where the boundsry-layer assumptions have been used and the fluctuations
of the physical properties are assumed small compared with their mean
velues. But because

B, + BT = P,
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equetion (A5) becomes
pu'c?'x (cpt +Ez_)+ p”réa_r (cpt +Ez')=%% [r(k%"' “u% -
EP ult’ - ou u’u__‘r)] (a6)

For fully developed flow there 1s no mean ra_.dia.l mass flow, or, Eﬁr is

zero. If, in addition, r 1s replsced by (ro -¥), w, by -v, end the
left side of equsation (A8) is written in terms of total temperature, 1t

S

becomes -
(rg - y)cp';-)ﬁ = % [(ro - y)(i % - pey, Vit + pu %‘1 - pu u'v‘):l (A7)

1 41 TRSY
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APPENDIX B

CALCULATION OF dT/dx

The temperature recovery factor is given in terms of total bulk
temperature as

2
ub/ch
For fully developed flow the recovery factor is independent of x. Dif-
ferentiating equstion (Bl) and using equation (7) give

=1 - (Bl)

dx w /2  dx
In the present development one-dimensional flow is assumed; that is, the
fact that the velocity and tempersture vary with radiel position is ne-

glected. This is & reasonsble assumption for turbulent flow. By using
the continulty relation w = pyyA, equation (B2) cen be written as

(B2)

ary _ 2(Ty - To) dey

dx pbd.x

(B3)

In order to obtain d.p-b/ dx in terms of known quantities, the total-
pressure drop is written as the sum of the momentum and the friction

pressure drops, or

a 29, 2¢ 2
= PRy

=™ "D (4)

Differentlating the perfect gas law p = prt-b and the definition
of total bulk temperature for one-dimensional flow (o = 1)

us
T = +
. W b= " Zey,

and using equation (7) and continuity give on substitution into (B4)

doyp _ for, 0/ T (85)
o U‘E - Ru%/cp - By
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Substituting equation (BS) into (BS) and using the perfect gas relation °
ey, = Ry/(r - 1) and the definition of Mach mumber give

dTp, 2(Ty, - To)T 2
= = - = 5 (B6)
0 1 -M
or, using the definitions of A, T;', and £, the resulting equation is
ort’ 2
b M
A= ' (B7)
4 +2 2
ro'llb 1-M
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TARLE I. - EXFERIMERTAL DATA

Inlest Shatic= Total Afp_1Fuld bulk totallResovery faoior Aversgs | Reyclis Reynolds
static |pressure | inlet alr | flow,| temperature half nupbexr nutbex
pressure,| drop |tempersture,|1bfhr| mimus wall |Meximnm|Minimm friction | evalusted | evaluated
1b/eq £t | along - OR temperature , factor | at bulk at exit

abe test oR total bulk stabic
gection, ‘temperatiure [temperature
Ib/aq £t Maxdaum [ Mindmum of fluid | of flwid
abs -
681 286 551 6.59| 2.70 | 2.58 0.86 | 0.85 | 4.20x10~9 10,300 10,800
553 185 531 4,94 1.75 1.57 .88 -86 | 4.43 7,720 7,860
460 12z 531 3.57| l.02 87 .89 .87 | 4.83 5,560 5,630
384 69.2 550 2.37| .50 43 .89 .87 | 5.59 3,700 3,730
188 28.9 530 1) .55 .55 .88 .88 |86.5 1,300 1,300
221 335.2 520 1.45| 1l.12 | 1.02 .15 J73 | 417 2,270 2,290
264 44.6 830 1.64] .80 .72 .81 .79 | 5.18 2,560 2,580
3286 59.4 531 2.06 .82 .60 .B6 .85 [ 5.35 3,230 3,250
138 28.9 B3 .85 13 .68 .84 .82 | 6.5 1,300 1,300
132 28,9 532 .85 T3 -68 .85 .84 | 6.4 1,300 1,300
168 30.6 53l 1.05 .75 78 .82 .82 | 5.45 1,850 1,660
183 30.6 530 1.04 90 .88 .80 .79 ]15.31 1,630 1,650
207 32,4 530 1.36| 117y .88 ) .79 .72[435 { 2,120 | 2,140
300 59.0 529 1.85) 1.25 .88 .79 .90 ] 6.13 1 2,900 ! 2,820
216 B5.9 529 1.85 .68 .68 .88 .83 | 5.69 2,890 2,910
225 53.4 530 1.47! 1,15 | 1.15 721 .12 418 2,500 2,310
24 32.7 530 1.43 .98 .88 .79 .77 | 4.06 2,230 2,280
216 32.6 530 1.47] l.28 1.23 AN 70 | 3.06 2,30 2,320
152 30.8 530 1.07| 1.17 .66 .86 74| 5.04 1,870 1,680
165 .4 528 1.08| 1l.01 .95 .19 <77 | 5-00 1,700 1,710
1685 28,5 Y] .83 .92 .82 .81 .78 | 8.4 1,300 1,300
70.5 24.3 530 .40 .35 .22 +96 -93 11 630 630
297 54.4 5% | 1.83] .48 .48 .88 .88 | 5.67 2,870 2,880
1668 753 530 l18.8 3,72 | 3.53 -87. 86| 3.10 29,500 30,700
1857 1356 5351 +118.9 3.67'| 3.62 +86. .8 | 3.00 29,600 30,700
1ile | | D84 530 | i5.4 3.15 3.1 86 .86 3.20 .| 24,100 24,900
1247 465 530 12.9 2.68 2.64 ¢ .87 .87 | 3.18 0,200 20,800
1052 325 530 9.86| 1.83 1.78 .86 .85 3,82 15,400 15,700
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Friction factor, £/2
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Figure 4. - Correlation of iscthermal average friction factor with Reynolds number evsluated at bulk totel

temperature of fluid.
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Figure 5. - Variatlon of recovery factor with Mach mmber st Prandtl nutber of 0.73 and several Reynolds uwrbers.
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Recovery factor, ¢
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Recovery Tactor, ¢
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Ratio of local hest trausfer per unit area $o heat transfer per

unit ares at wall, 4/q,
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Figura 8. -~ Variation of heat tranafer per unit area across tube.
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